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Introduction 

The first results on high order differentiability of the norm in a Banach space were 
given by Kurzweil [10] in 1954, and Bonic and Frampton [2] in 1965. In [2] the best order 
of differentiability of an equivalent norm on classical L p -spaces, 1 < p < oo, is given. The 
best order of smoothness of equivalent norms and of bump functions in Orlicz spaces has 
been investigated by Maleev and Troyanski (see [13]). 

The work of Leonard and Sundaresan [11] contains a systematic investigation of the 
high order differentiability of the norm function in the Lebesgue-Bochner function spaces 
L p (X). Their results relate the continuously n-times differentiability of the norm on X 
and of the norm on L p (X). 

We improve the results in [11] in the following sense: if 1 < r < p and the space X 
admits a norm which is C n -smooth, where n is the largest integer strictly less than r and 
such that its n-th derivative is (r — n) -Holder on the unit sphere, then the norm on the 
space L p (X) has the same properties of differentiability. 

In the case X = L q , the order of differentiability of the norm given by the above result 
is, actually, the best possible for bump functions and, consequently, also the best possible 
for equivalent renormings. For the results of non existence of high order differentiable 
bump functions we investigate the situation in the subspace 0^ £™. As a consequence 
of our results we obtain that there is no twice Frechet differentiable bump on the space 
0^ £4 , although this space has even a twice Gateaux differentiable norm, as it was proved 
in [12]. 

This paper is divided into three sections. In Section I we introduce functions with 
Taylor expansions of order p, which are functions that verify Taylor's Formula around each 
point. This notion is strictly weaker than the notion of p-times differentiability in the case 
of p being an integer greater or equal than 2, and than other categories of differentiability 
given in [2]. The main result in this section is Theorem 1-1, where we prove that if a 
Banach space has modulus of convexity of power type p and a bump function with Taylor 
expansion of order p at every point, then it has a separating polynomial. This result 
improves Theorem 1 of [4], and it relies on a different and much simpler proof, using the 
variational principle of Stegall [16]. Applying this to the classical space L p we improve the 
result of [2] (Corollary 1-2). Some variants are given in Theorem 1-5 for the case of spaces 
with modulus of convexity with directional power type p. 

Section II is devoted to results of high order differentiability of the norm on L P (X). In 
the main result of this section, Theorem 2-1, starting with a p- homogeneous, C n -smooth 
function on X with n-th derivative (r — n) -Holder on the unit sphere (where 1 < r < p 
and n is the largest integer strictly less than r) we construct a function on L p (X) with 
the same properties of differentiability. In Theorem 2-3 we use this to prove the result on 
higher order differentiability of the norm on L P (X) mentioned above. In Theorem 2-5 an 
analogue for bump functions is obtained. 

Finally, in Section III, we give the best order of differentiability of equivalent renorm- 
ings on the space L p (L q ) in Theorem 3-1. In order to do it, we show in Theorem 3-2 that 
if the space 0^ has a bump function with Taylor expansion of order p at every point, 
then p, q are both even integers and p is a multiple of q. In the proof of this Theorem, 
we obtain that 0^ admits a separating polynomial if and only if p, q are both even 
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integers and p is a multiple of q. We conclude from this that if the space L p (L q ) contains 
£ £™, (and this occurs except in trivial situations) then L p (L q ) has a bump function 
with Taylor expansion of order p at every point if and only if p, q are both even integers 
and p is a multiple of q. 

I. Smooth norms in super-reflexive spaces 

Let X be a real Banach space, let p > 1 be a real number and let / be a real valued 
function defined on X. We say that / has a Taylor expansion of order p at the point 
x G X, if there is a polynomial P of degree at most n, where n = [p] is the integer part of 
p, verifying that 

\f( X +h)-f(x)-p(h)\ = o(\\h\n 

We say that / is T p -smooth if it has a Taylor expansion of order p at every point. Note 
that if / is m-times Frechet differentiable on X, then from Taylor's theorem we have 
that / is T p -smooth for 1 < p < m. In the same way as in [3], it is possible to obtain 
some standard properties of T p -smooth functions: in particular, the composition of two 
T p -smooth functions is again T p -smooth. 

As usual, a real-valued function on X is said to be a bump function if it has bounded 
nonempty support. We say that a polynomial P on X is a separating polynomial if P(0) = 
and P(x) > 1 for all x in the unit sphere of X. It is known (and very easy to prove) that 
if X admits a separating polynomial, then X admits a C°°-smooth bump function. 

Recall that the norm |.| on a Banach space X has modulus of convexity of power type p if 
there exists a constant C > such that for each e G [0, 2], 

5(e) := inf{l - ||^^|| : x,y G X; \\x\\ < 1; ||y|| < 1; ||x - y|| > e} > Ce p . 

Theorem 1.1 Let p > 1 be a real number and let X be a Banach space. Let us assume : 

1) There exists on X a T p -smooth bump function. 

2) The norm of X is uniformly convex with modulus of convexity of power type p. 
Then there exists on X a separating polynomial of degree < [p] . 

Let p > 1 be a real number which is not an even integer, and suppose that (for some 
measure space) the space L p is infinite dimensional. Kurzweil [10] proved that L p does 
not admit any C^-smooth bump function. Bonic and Frampton [2] showed that in fact 
L p does not admit any P p -smooth bump function. Recall that, according to Bonic and 
Frampton, a function / is said to be B p -smooth if the following is satisfied : 

(a) When p is an integer, / is P p -smooth if it is p-times Frechet differentiable. 

(b) When p is not an integer, / is P p -smooth if it is n-times Frechet differentiable, 
where n = [p], and for every x in X 

\f^(x + h)-f^(x)\=o(\\h\\ p - n )- 
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A real valued function on X is said to be H p -smooth if / is C n on X, where n is the largest 
integer strictly less than p, and the n-th derivative f^ is locally uniformly (p — n)-Holder, 
that is, for every x G X, there are 5 > and M > such that 

\\f {n \y)-f {n \z)\\ <M\\y-z\r n 

for y, z E B(x; 5). If the above inequality holds for every y, z G X (with the same constant 
M > 0), we say that / is uniformly H v -smooth. In the same way, a norm is said to be 
uniformly iiP-smooth if it is C n on X — {0} and the n-th derivative is (p — n)-Holder on 
the unit sphere. 

It is clear that a uniformly .£P-smooth function need not be T p -smooth, but every B p - 
smooth function (and therefore every if^-smooth function for q > p) is T p -smooth; on 
the other hand, elementary examples on the real line show that the converse is not true if 
p > 2. Therefore, the following corollary improves the result of Bonic and Frampton. 

Corollary 1.2. Let p > 1 be a real number which is not an even integer. Assume that 
L p is infinite dimensional. Then there is no T p -smooth bump function on L p . 

Proof of Corollary 1.2: Assume there exists a T p -smooth bump on L p . Since the 
modulus of convexity of the norm in L p is of power type p, Theorem 1-1 shows that there 
is a separating polynomial on L p , hence there exists a C°° -smooth bump on L p , which 
contradicts the results of Kurzweil, Bonic and Frampton given above. 

For the proof of Theorem 1.1, we shall use the following elementary lemmas from M. Fabian 
et al. 

Lemma 1.3. [6] Let 5(e) be the modulus of convexity of the norm \\.\\ of X . Letx,h G X 
and f G X* such that f(x) = \\x\\ = \\f\\ = 1, f(h) = and e < \\h\\ < 2. Then : 

lk + fc||>l + (5(|) 

Consequently, if the norm has modulus of convexity of power typep, ifx, h G X and f G X* 
are such that f(x) = \\x\\ ^ 0, ||/|| = 1, f(h) = and \\h\\ < 2\\x\\, then : 

\\x + h\\ - \\x\\ > CWx^-PWhWP 



Lemma 1.4. [6] Let k > 2 be an integer and let F be a finite codimensional subspace of a 
Banach space X . Assume that P is a polynomial on X of degree < k which is a separating 
polynomial on F. Then there is a separating polynomial of degree < k on X . 

Proof of Theorem 1.1: Let b be a bump function on X with Taylor expansion of order 
p at any point and such that 6(0) = 0. Let (p : X — > 1R U {+00} be the function defined 
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by : fix) = if bix) ^ and fix) = +00 otherwise. The function f — II. II is lower 

b\x) z 

semicontinuous, bounded below and identically equal to +00 outside a bounded set. On the 
other hand, since X is uniformly convex, it has the Radon-Nikodym property. According 
to Stegall variational principle [16], there exists g G X* (actually a dense Q§ in X* of such 
g's) such that f — \\.\\ + g attains its minimum at some point x. So for every h G X : 

f(x + h) — \\x + h\\ + g(x + h) > f(x) — \\x\\ + g(x) 

Consequently : 

f(x + h) — f(x) + g(h) > \\x + h\\ — \\x\\ 

Next x^O because ip(0) = +00. Let / G X* such that ||/|| = 1 and f(x) — \\x\\. Using 
lemma 1-3, for every h G Ker(f) fl Ker(g) : 

ip(x + h) - (f{x) > \\x + h\\ - \\x\\ > C||x|| 1_:p 

If we denote C(x) = C||a;|| 1_p , we thus have : 

cp(x + h) — <f(x) > C(x 



We now use the fact that ip has a Taylor expansion of order p at x : there exists a polynomial 
P of degree < \p] and a function R such that <p(x + h) — <p(x) = P(h) + R(h), P(0) = 

and lim = 0. We fix e > such that \R(h)\ < ^^-\\h\\ p whenever h G X, \\h\\ = e. 



Therefore, if h G Ker(f) fl Ker(g) and \\h\\ = e, then : 

P(h)>^\\hV 

The polynomial Q defined by 

is a separating polynomial of degree < [p] on Ker(f) fl Ker(g). By lemma 1-4, there is a 
separating polynomial of degree < [p] on X. 

Variants of Theorem 1-1 are possible : Recall that the norm ||.| on a Banach space X has 
modulus of convexity of directional power type p if for every finite dimensional subspace 
Fcl, there exists a constant Cf > such that for each e G [0, 2], 

8 F {e) := inf{l - ||^y^||;a;, y G F; ||x|| < 1; ||y|| < 1; \\x - y\\ > e} > C F e p . 
The above proof shows the following result : 

Theorem 1.5. Let p > 1 be a real number and let X be a Banach space. Let us assume : 
(1) There exists on X a bump function with Taylor expansion of order p at any point. 



(2) The norm of X is uniformly convex with modulus of convexity of directional power 
type p. 

Then there exists on X a polynomial Q (of degree < p) such that Q(h) > whenever h G X 
and \\h\\ = 1. 

Proof: Indeed, following the proof of Theorem 1-1, We obtain /, g G X* , e > 0, a constant 
C(x, F) > and a polynomial P of degree [p] such that P(0) = and P(/i) > C(x, 
whenever h E F C Ker(f) fl Ker(g) and ||/i|| = e. The polynomial Q defined by Q(h) = 
P(eh) + f 2 {h) + g 2 (h) satisfies Q(0) = and Q(h) > whenever h E X and \\h\\ = 1. 

The following variant of Theorem 1-1 will be used in section 3. 

Theorem 1.6. Let 1 < p < oo, and let X be a Banach space with the Radon-Nikodym 
property satisfying the following property : 

"For all x G X there is a constant C > 0, such that for each 5 > there is a finite 
codimensional subspace Hs of X , such that \\x + h\\ — \\x\\ > C\\h\\ p for all h G H§ with 
\\h\\=5." 

If X has a T p -smooth bump function, then it has a separating polynomial. 

Proof : We proceed as in Theorem 1-1 : Let b a bump function which is T p -smooth and 
such that b > and 6(0) = 0. We consider (p defined in the proof of Theorem 1-1, and, 
proceeding in the same way as there, there exists g G X* such that ip — + g attains its 
minimun at some point x G dom(<p). Therefore, for every h G Ker(g) : 

ip(x + h) — p(x) > \\x + h\\ — \\x\\. 

For such a point x, there is a constant C > verifying that for each 5 > there is a finite 
codimensional subspace Hg of X such that 

<p(x + h) - <p(x) > C\\h\\ p , 

for all h G Hs fl Ker(g) with \\h\\ = 6. Next, we use that the function (p has a Taylor 
expansion of order p at x. Then we may choose some < 5 < 1 such that if h G X with 
\\h\\<5: 

\<p(x + h)-<p(x)-P(h)\<j\\h\\> 

where P is a polynomial of degree < [p] vanishing at the origin. Therefore, for h G Hq = 
Hs fl Ker{g), with \\h\\ = 5 we have that 

\P(h)\ > <p(x + h) - <p(z) - ^S* > jd p . 

From the above the existence of a separating polynomial on Hq follows. Since Hq is a finite 
codimensional subspace of X, by Lemma 1-4 the space X has a separating polynomial, as 
we required. 
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II. Smoothness of L p (X) 



In what follows, let 1 < p < oo and let (O, p) a measure space such that the corre- 
sponding Lp-space is infinite-dimensional. Recall that for a Banach space X the function 
space L p (X) is defined as follows : 

L p (X) = \u : O — > X/it measurable and = ||it(s))|| p <i/i(s)^ < oo}. 



As usual, a real valued function / on X is said to be p-homogeneous if /(Ax) = |A| p /(x) 
for every iGl and every A G R. The main result of this section is the following: 

Theorem 2.1. Let X be a Banach space, let 1 < r < p and consider n the largest integer 
strictly less than r. Let f be a p- homogeneous real function defined on X . Suppose that f 
is C n on X — {0} and f^ is (r — n) -Holder on the unit sphere of X . Then, the function 
f on L P (X) defined by 

/(«) = f f(u(s)W(s) 



is a p -homogeneous C n -smooth function on L p (X) and f^ is (r — n)-Hdlder on bounded 
subsets of L P (X). 

We first establish the following lemma : 

Lemma 2.2. Let X be a Banach space, let 1 < r < p and consider n the largest integer 
strictly less than r. Let f be a p -homogeneous real function defined on X and suppose that 
f is C n on X — {0} and f^ is (r — n) -Holder on the unit sphere of X . 

Then f is C n -smooth on X , f^'(0) = for j = 1,2, ... ,n and there exist constants 
Ci, C*2, . . . , C n > so that : 

(1) ||/^(x) - f^(y)\\ < C n (max{\\x\l \\y\\}r- r \\x - y\Y~ n for every x, y E X. 

(2) \\f {j) {x) - f (j) (y)\\ < Cj(max{\\x\\, ||y||}) p " (j+1) ||x - y\\ for every x,y E X and 
j = 1,2,... .n-l. 

Proof of lemma 2.2 : Since / is p- homogeneous, its derivatives are positively homoge- 
neous, that is, f^'(Xx) = A 35- - 7 f^'{x) for every A > 0, x ^ and j = 1, 2, . . . , n. 

Since f^ is (r — n) -Holder on the unit sphere of X, there exists a constant K n > 
such that 

\\f(n) {x) _ f (n) {y ^ < Kn \\x - y\\ r ~ n 



whenever ||x|| = \\y\\ = 1. Now, fix x,y in X with < \\y\\ < \\x\\ , and consider z = 
Then, since ||z|| = ||y||, 

^(^(^ _ yC-)^)!! = || / (-)(_^_) _ / (-)(_^_)|||| 2/ | r — < - 2/11—112/11^—; 



x. 



and 



Hence, 



Now, 



1^ — 2/11 



x 



X 



- \\A\v 



< 



— \\x\ 



+ \\x-y\\<2\\x-y\\. 



||/<»)( z ) _ / (») (y) || < 2 r - n K n \\y\r r \\x - y\r n < 
<K' n (max{\\x\\,\\y\\}y- r \\x-y\r n (*) 



||/W(^)-/ (n) WII=(l 



x 



p—n 



n/ (n) (x)ii = (iixir»-iiyir»)n/w 



X 



x 



The function is (r — n) -Holder on Sx, and consequently it is uniformly bounded on 
the unit sphere; hence, by homogeneity, there is a constant D n > such that ||/^(a;)|| < 
D n \\x\\ p - n for all x ^ 0. 

Now, we consider two cases : either p — n > 1, or < p — n < 1. In the first case, By 
the mean value theorem applied to the real function <p(t) = t p ~ n , we have 



x 



I p—n 



p—n 



<{p- n)(max{\\x\\, ||y||}) 



p—n — l | 



x - y\\ < 



< (p- n)(max{ \\x\\, \\y\\}) 



p—n—li 



Ml + llvll) 1 "^!!*-*!! 



< 2 1 - r+n max{||x||, \\y\\} p - r \\x - y\\ r - n . 
Otherwise, if < p — n < 1, then 



x 



W~n _ \U,\\V-n 



< \\x-y\r n <(\\x\\ + \\y\\r- r \\x-y\\ r - n 



<2 p - r (mzx{\\xl\\y\\}) p - r \\x-y\\ r - n . 
Hence, in both cases we have that for some constant K" : 

\\f^(x) - f^(z)\\ < K(max{\\xl \\y\\}y- r \\x - y\r n (**) 



From (*) and (**) we obtain (1). As a consequence of it, we obtain (2) for all i,j/^0. 
Indeed, consider first j = n — 1 and x,y^0. In the case that ^ [x, y], by the mean value 
theorem applied to the function /( n_1 ) we have : 

\\f^(x)-f^- 1 Hy)\\< sup ||/< B >(«OI|.||*-y||< 

wE[x,y] 
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< D n max{||x||, \\y\\} p n \\x -y\\. 

Otherwise, if G [x,y], then the linear span of x coincides whith that of y; assuming 
that dimX > 2, we may choose z G X such that z does not belong to the linear span of x 
and verifies that \\z\\ = min{||x||, ||y||} > 0. Then, 

W&^Hx) - < Wf^Hx) - f^Hz)]] + Wf^Hz) - < 

and since ^ [x, z] U [y, z], applying again the mean value theorem, 

<D n max{\\x\l\\y\\y- n (\\x-y\\ + \\z-y\\) 

and since \\x — z\\, \\z — y\\ < \\x — y\\, we have (2) for j = n — 1. In an analogous way, 
using that /( n-1 ) is bounded in Sx (it is indeed Lipschitz), and proceeding as above, (ii) 
is obtained for x, y ^ 0. 

In particular, each is bounded in Sx, and by homogeneity, for all x^O, 

\\f ij) (x)\\ KD^x^. 

This implies that / is n-times differentiable at and that f^\0) = for j = 1, . . . ,n. 
Therefore (1) and (2) hold indeed for all x,y G X, and consequently / G C n (X). Finally, 
the result is clear if dim(X) = 1, since all p-homogeneous function on 1R are of the form 
f(t) = a\t\ p for some a G R. 

Proof of Theorem 2.1: The function taking s — > f(u(s)) is measurable, since / is a 
continuous function. On the other hand, since \f(x)\ < C\\x\\ p for all x G X, the function 
/ is well defined; indeed, 

/ \f(u(s))\d^(s)< [ C\\u(sWd^s) < oo. 

Now, for each u G L P (X) and each j = 1, . . . , n, let Pj (u) be the j-homogeneous polynomial 
on L p (X) defined by 

P j (u)(h)= [ fW(u{8))(h{8))Ms) 
Jil 

for all h G L p (X). These polynomials are well defined; indeed, s — > f^(u(s))(h(s)) is a 
measurable function and, since \\f U) (x)\\ < CjWxWP-i for all xeX, we have 

/ \f^(u(s))(h(s))\d»(s)< I C.lHsW^WHsW < 

JQ JO, 

and by Holder's inequality 

<Cj([ IHsWd^s)) 1 ^ ( [ \\h( 8 W)> <oo. 
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In order to obtain that / is C^ n > -smooth on L p (X) and f^> = Pj, we apply the 
converse of Taylor's Theorem (see e.g. [1, Th. 4-11]). To apply this, we need to prove that 
/ has a Taylor expansion of order n at any u G L p (X) (with the polynomial Y^=i \Pj{ u )) 
and, also, that the function u — > Pj(u) is continuous for all j = 1, . . . ,n. We begin with 
the second requirement. Consider 1 < j < n and u,t)G L P (X); then : 

|(P^)-P^))(/0| < / \\f^(u(s))-f^(v(s))\\\\HsWd^s) < 

Jo. 

and by (ii) of Lemma 2-2, 

< Cj [ max{\\u(s)\\, \\v(s) ||} p_J ' _1 ||u(s) - v(s) \\ \\h(s) \\ J d/j(s) < 
Jn 

and by Holder's inequality, if we consider the function \1/ G L P (Q) defined by \&(s) = 
max{||u(s)||, ||u(s)||}, then 



< C i (\\u\\ p + \\v\\ p ) 1! ^\\u-vP^ J 



Therefore, the function u — > Pj(u) is Lipschitz on bounded subsets for 1 < j < n — 1, 
and in particular, it is continous. Analogously, 

\(p n (u) - p n (v))(h)\ < c n \\n p ~ r h - v\r n \\h\\ n 

<C n (\\u\\ p +\\v\\ p )^\\u-v\\ r - n \\h\\ n , 
which imply that u — > P n (u) is (r — n)-Holder on bounded subsets of L p (X). 

To obtain a Taylor expansion for /, we apply Taylor's formula with integral remainder; 
hence, for x, h G X, 



1 

\f(x + h)-f(x)-J2^f U) (x)(h)\ 

= i y o \ n _ 1)l (f in \x+th)-f^(x))(h)dt\ < -±( 



\x\ + 

n - l)l - ■ nl 
Now denote 

n 

R n (u; h) = f(u + h)- f(u) - Pj(u)(h). 



P-riiL NT- 



Then 



r n i 

\R n (u;h)\ = \ / (f( u (s) + h(s)) - f(u(s) -J2-f U) Hs))(h(s)))d^s 

Jd 7 = 1 ^' 



3- 
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< ^ jf (N«)ll + \\Ks)\\Y- r \\Ks)\\ r < ^(J n (\Hs)\\ + \\h(s)\\r) v (jf \\h( 8 )\\*y 

The last inequality above follows from Holder's inequality. Since s — > ||w(s)|| + ||^(s)|| 
belongs to L p (ft), 

\R n (u;h)\<^(\\u\\ + \\h\\y-r\\h\\ r . 
nl 

Therefore we have that, for each uq G L p (X), 

R n (u;h) 
hm — — — = 0, 

(u,h)-(« ,o) \\h\\ n 

and the result follows. 

Now we apply the above Theorem to the particular case X = L q (for a probably different 
measure space). We obtain the following results concerning the high order differentiability 
of the norm on L p (L q ). 

Corollary 2.3. Let 1 < p, q < oo and X = L p (L q ). Consider r = min{p, q}. Then : 

If r is not an even integer, or r = p is an even integer, then the norm on X is 

uniformly H r -smooth. 

If r is an even integer and r = q then the norm in X is uniformly H p -smooth. 

Moreover, if p is a multiple of q then the norm is even C°° -smooth. 

Proof of Corollary 2.3: Since r < q, the norm on L q is uniformly iiP-smooth [2]; by 
Theorem 2-1 the function 

F(u)= [ {(\\u(s)\\ q y)d^s) 
Jo. 

is p- homogeneous, C n -smooth and such that is (r — n)-Holder on Sx, where n is the 
largest integer strictly less than r. Therefore, the norm on X is uniformly i7 r -smooth. 

If r = q is an even integer, the norm in L r is C°°-smooth, and in particular uniformly 
iiP-smooth. Using again Theorem 2-1, the norm in X is uniformly i7 p -smooth. Moreover, 
if p is a multiple of q then the expression F defines a p-homogeneous separating polynomial 
on X and the norm is, in particular, C°°-smooth. 

From Theorem 2-1 we have that if the norm of X is uniformly i7 r -smooth, and 
1 < r < p, then the norm of L p (X) is also uniformly if r -smooth. Next we obtain the 
analogous result for bump functions. To this end, we use the following construction given 
in [5], which produces an homogeneous smooth function from a smooth bump function: 

Proposition 2.4. Let 1 < r < p and let n be the largest integer strictly less than r. 
Assume that a Banach space X admits an uniformly H r -smooth bump function. Then, 
there is a p-homogeneous function f on X such that f is C n -smooth on X, f^ is (r — n)- 
Holder on bounded subsets, and there exist some constants A, B > 0, such that 

A\\x\\ p < f(x) < B\\x\\ p 
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for all x G X . 

Proof : Let <p be a uniformly .£f r -smooth bump function on X. We proceed as in [5, 
Proposition II-5-1] : Consider <p = 1 — exp(—ip 2 ) and defined by 



/oo 
<p(sx)ds. 
-oo 



Set ^(x) = J— if a; 7^ and ip(0) = 0. Then, the function ip is 1-homogeneous, C 1 -smooth 

tp(x) 

on X — {0}, and 

a\\x\\ < ifj(x) < b\\x\\; 

where a, b have been chosen verifying that >p(x) > |<^(0) and (p(x) = if ||x|| > b. 

Now, given i-0^0, there are e > and K > 0, such that if \\x — xo\\ < e, then 

f K ~ 
ip{x) = / <p>(sx)ds. 



J-K 

Then, define for x G B(xo; s), h G X and j = 1, 2, . . . , n: 

r K 

Pj(x){h) = / s J (p ij \sx)(h)ds. 

J-K 

Each mapping x — > is continuous on S(xo;e) and 

|fe + h)- ${x) - J2 \,P^){h)\ = o(\\h\\ n ), 

uniformly for x G B(xq; e). Then, by using the converse of Taylor's theorem (see [1, Th. 4- 
11]) we obtain that ip is C n -smooth and ip^' = Pj on B{xq; e) for j = 1, . . . , n. Therefore, 
tp is C n -smooth on X — {0}. In order to prove that tp^ is (r — n)-Holder on the unit 
sphere note that, given x G Sx, if \s\ > b then (p( n \sx) = 0; therefore, 

^ n \x){h) = J s n ^ n) {sx){h)ds. 

Hence, for x, y G Sx and h E X: 

^ n \x)(h) -ft n \y)(h) = I s n ((p ( - n \sx)-(p ( - n) (sy))(h)ds. 



b 

-b 

Using that (p is uniformly if r -smooth, we have that there is a constant M > 0, such that 

U {n \x) -i> {n) (y)\\ < M\\x-y\\ r - n . 
12 



Therefore, the n-th derivative of ^ is (r — n) -Holder on the unit sphere, and so is the n-th 
derivative of ip. Consider now f(x) = tfj(x) p . By lemma 2.2, the function / satisfies the 
required conditions. 

Theorem 2.5. Let 1 < r < p < oo and Ze£ X be a Banach space. Then, the following 
statements are equivalent: 

1) X admits a uniformly H r -smooth bump function. 

2) L p (X) admits a uniformly H r -smooth bump function. 

3) L p (X) admits an H r -smooth bump function. 

Proof: First we will prove that (1) implies (2). Assume that X admits a uniformly 
i7 r -smooth bump function, and let n be the largest integer strictly less than r. According 
to Proposition 2-4 there is a C n -smooth, p-homogeneous function / on X, such that f^ 
is (r — n)-Holder on bounded subsets, and for some constants A, B > we have 

A\\x\\ p < f(x) < B\\x\\ p . 

Consider the function on L p (X): 

f(u) = [ f(u(s))dfi(s) 

By Theorem 2-1, / is C n -smooth on L p (X) and f^ is (r — n)-Holder on bounded subsets. 
By composing with a convenient C°°-smooth function (p : IR — > M, we obtain a uniformly 
i7 r -smooth bump function on L P (X). 

Since (2) implies (3) is trivial, we now prove that (3) implies (1). Assume that L P (X) 
admits a i7 r -smooth bump function. We claim that X does not contain an isomorphic 
copy of Co- Indeed: otherwise, the subspace Y = ® £ Cq of L p (X) would have an H r - 
smooth bump function, and therefore a uniformly i7 r -smooth bump function, since it does 
not contain an isomorphic copy of Co (see [5, Theorem V-3-1]); in particular, Y would be 
superreflexive, which is not possible. Therefore, since X does not contain an isomorphic 
copy of c , it is uniformly if r -smooth (see [5, Th. V-3-1]) as we required. 

III. Best order of smoothness of L p {L q ) 

In this section we consider infinite-dimensional spaces L p and L q over probably dif- 
ferent measure spaces. We prove that the order of differentiability of the norm in the 
space L p (L q ) given in Section II is, actually, the best possible for bump functions, and, in 
particular, for equivalent renormings. 

Theorem 3.1. Let 1 < p, q < oo and X = L p (L q ). Consider r = min{p, q}. Then : 

If r is not an even integer, or r = p is an even integer, then there is no T r -smooth 
bump function on X . 

If r is an even integer and r = q then there is a T p -smooth bump function on X if 
and only if only both p, q are even integers and p is a multiple of q. Moreover, in this case, 
the space X has a separating polynomial. 
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In order to prove Theorem 3-1 we investigate the best order of smoothness of a certain 
subspace of L p (L q ), namely the subspace 0^ £ q . 

Theorem 3.2. Let 1 < p, q < oo and X = 0^ £™. Assume that X has a T p -smooth 
bump function. Then p,q are both even integers and p is a multiple of q. Moreover, X 
admits a separating polynomial. 

For the proof of this theorem we need the following lemma : 

Lemma 3.3. Let N G IN and assume that X is a separable Banach space such that 
every weakly null and normalized sequence in X has a subsequence which is equivalent to 
the unit vector basis in In- If X has a separating polynomial of degree at most N , then 
there is an N -homogeneous separating polynomial. 

Proof : First note that X is superreflexive and therefore X* is also separable. Consider 
{z* } a countable dense set on the unit sphere of X*. Now let P be a separating polynomial 

of degree N, with P = P\-\ \-P N _i+P N , where each P t is an i-homogeneous polynomial. 

Assume that there is no N- homogeneous separating polynomial on X. Then, 

inf P N (x) = 
||*||=i 

and this infimum is also on the unit sphere of each finite codimensional subspace. Then, 
we can construct a sequence in the following way : for each n G IN consider x n G Kerz\ H 
• • • fl Kerz*_ 1 with ||x n || = 1 and verifying that |P/v(x n )| < -. By the construction, the 
sequence {x n } is weakly null, and then it has a subsequence which is equivalent to the unit 
vector basis of l^. In particular it has a subsequence {x nk } with an upper iV-estimate, 
and by [8] for instance, it follows that {(Pi + ■ ■ ■ + PN-i)(x nk )}k — > 0. Hence, {P(x nk )} 
also converges to zero, which contradicts the fact that P is separating. 

Proof of Theorem 3.2: The proof will be done in two steps: 

Step 1. Let 1 < p,q < oo and X = 0^ £™. Assume that X has a T p -smooth bump 
function. Then X admits a separating polynomial. 

Proof of Step 1: It is enough to prove that the space X verifies the hypothesis of Theorem 
1-6, that is, the property: 

"For all x G X there is a constant C > 0, such that for each 5 > there is a finite 
codimensional subspace Hg of X, such that \\x + h\\ — \\x\\ > C\\h\\ p for all h G H§ with 
\\h\\=8." 

If x = the result is trivial. Now supose x ^ 0. For each n G IN, we denote by 
{e", . . . , e"} the usual basis in £™ . The point x can be expressed as x = {x n }, where each 
x n = Ym=i x "i e "i i an d \ X V = Si=i ll^nllfj • We denote x n = x\ + ■ ■ ■ + x n , and it is clear 
that ||a; — x n \\ — > 0. For each n we consider the following subspaces of X 

n oo 

H n = Q)t q and H n = t q . 

i=l i=n+l 
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It is easy to check that if y G H n and z G H n then, 

\\y + z\\ p = \\y\\ p +\\z\\ p . 

Now, applying the mean value theorem to the real function X(t) = t p on the interval 
I = [||x||/2, ||x|| + 1], there is a positive constant C > 0, such that if s, t G J and s < t, the 
following inequality holds : 

t-s>C(t p -s p ). (*) 
Therefore, if h G if n and ||/i|| = <5 < 1, we obtain from (*) that 

\\x + h\\ - \\x\\ > \\x n + h\\ - 2\\x - x n \\ - \\x n \\ 

> C\\h\\ p -2\\x-x n \\). 
Consider now N large enough so that \\x — x N \\ < %b~ p - For h G H N , \\h\\ = 5 we have 



\x + h\\ - \\x\\ > ^\\h\\ p 



as we required. 



In the second step we characterize the spaces 0^ £™ which admit a separating poly- 
nomial. 

Step 2. The space X = @^ £™ admits a separating polynomial if and only ifp, q are both 
even integers satisfying that p = kq, for some k G IN . 

Proof of Step 2: First of all, it is clear that if p is a multiple of q and both are even 
integers, the space X has a separating polynomial. Indeed, the expression P(x) = \\x\\ p 
defines a p- homogeneous separating polynomial on X. 

On the other hand, if X admits a separating polynomial, p is an even integer (since 
£ p is a subspace of X). 

We may assume that p > q. Otherwise, if p < q, since X is saturated with subspaces 
of cotype p, by [4] X would actually have cotype p, but l q is finitely represented in X, and 
this is not possible. 

Since p > q the space X has modulus of convexity of power type p (see [7]) and by 
Theorem 1-1, there exists a separating polynomial of degree at most p on X. By Lemma 
3-3, we may actually assume that there is a p-homogeneous separating polynomial. 

Let P be a p-homogeneous polynomial on X verifying that P(x) > 1 if ||x|| > 1. Let 
us denote by ir n the projection of the space t q onto the finite dimensional subspace £™, 
and by i n the inclusion mapping from 1™ into the space X = ®^ £™. We consider the 
sequence of polynomials {P n } n on i q defined by P n = P o i n o jv n . First of all, {P n } n is a 
uniformly bounded sequence of p- homogeneous polynomials on X; hence by Theorem 4 in 
[14] there is a subsequence {P nj }j of {P n } n which converges pointwise to a p-homogeneous 
polynomial P* on £ q . Let x G t q be fixed, with ||x|| = 2; then for n large enough, we have 
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that P n (x) > 1. This implies that the P* is a p-homogeneous separating polynomial on 
t q , and by [9] it follows that p must be a multiple of q. 

Remark. Since the space £2 has modulus of smoothness of power type 2, by the 
results in [12], it admits a twice Gateaux differentiable equivalent norm and, in particular, 
a continuous bump function with second-order directional Taylor expansion at each point. 
However, by Theorem 3-2, there is not even a bump function with Taylor expansion of 
second order at each point. In particular, this space can not be renormed with an equivalent 
twice Frechet differentiable norm. 

Proof of Theorem 3.1: First, in the case that r = min{p,q\ is not an even integer, 
since L r C L p (L q ) the result follows by Corollary 1-2. 

Next, let r = q be an even integer. Since the space X has modulus of convexity of 
power type r (see [7]) by Theorem 1-1, the existence of a T r -smooth bump function implies 
the existence of a separating polynomial in X, and therefore in the subspace 0^ £™, which 
is not possible ( see Second Step in the proof of Theorem 3-2). 

Finally, in the case that r = p is an even integer, if the space X has a T p -smooth 
bump function, also has the subspace 0^ £™. Then, it follows from Theorem 3-2 that p, q 
must be both even integers, and p is a multiple of q. 

In the following Proposition we prove that for each real valued function in the space 
X = 0^ 1™ with certain properties of uniform higher differentiability, we may contruct 
an associated function on the space £ q with shares the same properties of differentiability. 

Proposition 3.4. Let 1 < p, q < oo and X = 0^ £™. Let F be a real valued function on 
X which is uniformly H r -smooth. For each n we consider the function F n defined on £ q 
as F n = F o i n o 7r n . Then there exists a subsequence {F n ,}j of {F n } n which converges to 
a uniformy H r -smooth function F* on £ q . 

Proof : Since F is uniformly i7 r -smooth, if k is the greatest integer strictly less than r, 
F is C fc -smooth and there exists a constant C > such that for all x, y e X, 

\\F^(x) -F^(y)\\ < C\\x-y\\ r - k . 

We claim that the family {Fn^} for < % < k, is equicontinuous on bounded sets of £ q . 
Indeed, denote T n = i n o 7r n ; then for all x,y,h G £ q , with \\h\\ < 1, 

\(fW(x) -F( k \y))(h)\ = \(F^(T n (x))-F^(T n (y)))(h)\ < (*) 
<C\\T n (x)-T n (y)\\ r - k .\\T n (h)\\<C\\x-y\r k . 

Hence the sequence {F^} n is equicontinuous on £ q , and also uniformly bounded on 
bounded sets of £ q . This implies, by using the mean value theorem, that the sequence 



16 



{Fn } for < i < k is equicontinuous on bounded sets of £ q . Then, by using Lemma 4 in 
[14], for each m G IN there exists a subsequence of {F n } n which converges pointwise to a 
function F^ on the ball 5(0; m) of £ q , and with their i-th derivatives pointwise converging 
to the i-th derivative of F^ for all i = 0, . . . , k. By a diagonalization procedure, passing 
to a subsequence, we may assume that there exists a subsequence {F n }j converging to 
a function F* pointwise on the whole space £ q . Then, by passing to the limit in (*), it 
follows that F* is also uniformly if r -smooth, as we required. 

From this proposition we obtain the following corollary. 

Corollary 3.5. Let 1 < q < p < oo, and q not an even integer. Then the space X = 
©£ p i s n °t FL r -smooth for r > q. 

Proof : Assume that X is i7 r -smooth. Since the space X does not contain an isomorphic 
copy of Co, it is indeed uniformly i7 r -smooth (see [5, Th. V-3-1]). Let F be a function on 
X which is uniformly i7 r -smooth, and such that F(x) = whenever > 1 and F(0) = 1. 
Consider the sequence of functions {F n } n as in Proposition 3-4. Then, for a fixed point 
x in l q with \x\ > 2, for n large enough we have that F n (x) = 0. This implies that the 
function F* obtained according to Proposition 3-4 is, actually, a uniformly if r -smooth 
bump function on £ q . But since r > q this is not possible. 

Remark. From Theorem 3-2 and Corollary 3-5, we obtain that, in Theorem 3-1, we 
may replace 0^ £^ by L p (L q ), and the conclusion is the same except in the case that 
q < p, and q is not an even integer. In this case, we know from Corollary 3-5 that there is 
no uniformly if r -smooth bump function for r > q. However, we do not know whether it 
is also true in this case that there is no T 9 -smooth bump function. 
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